the universe.
23
The reasoning behind this duality of interpretations is based on the iden-24 tification of the per annum probability of a fire at a point (element) with the 25 proportion of the area burned in a given year. Such an identification is not 26 strictly true. Fires are random processes and the actual proportion burned 27 in any year will be a random variable. However the expected value of this 28 random variable (i.e. the expected proportion burned) will be equal to the 29 per annum probability. One might hope for a similar relationship, involving 30 expectations, between return time and fire cycle i.e. that the expected time 31 between fires at any point is the same as the expected time to burn an area 32 equal to the area of the universe. Unfortunately, as is shown in the Appen-33 dix, this is not true. In fact the latter expected time exceeds the former one, 34 except in one unrealistic special case 1 . Thus the identification of fire interval
The notion of the hazard of burning was introduced by Johnson and Gutsell 48 (1994) . We shall distinguish between a local hazard of burning and an area-
49
wide hazard of burning.
50
The local hazard of burning at a point x in the study area, at time t, can 51 be defined as 
Clearly this has units (time) −1 e.g. per annum. In contrast to the local 53 hazard of burning, the area-wide hazard of burning can be defined as
which again has units (time) −1 .
55
How do these two concepts relate? Clearly Λ(t) ≥ λ(t; x) for all points x 56 in the study area. Also one can write
where h(x, y; t) is the conditional probability of a fire ignited at point y
58
spreading to x at time t; and f (y; t) is the probability density function of 59 where an ignition occurs over the study area A, given that one occurs at 60 time t. Letting p(t, x) denote the integral (so that p(t, x) is the conditional 61 probability of a fire occurring at x, given that a fire starts somewhere in the 62 study area at time t) leads to
Note that the area-wide hazard of burning will in general depend on the 64 size of the study area (as area increases so will the area-wide hazard). Because 65 of this, it is not very useful in characterizing aspects of the fire ecology.
66
The fire interval at location x is defined as the expected time between 67 fires at that location. In general with a time-varying hazard of burning this 68 will depend on the time t of the most recent fire and can be shown (see
Note that this depends on the hazard of burning for all times beyond t.
72
Without further assumptions it is of little practical use. at x reduces to (using (??))
The fire interval has units of time.
83
Note that one could also define an area-wide fire interval. In the time-
84
homogeneous case this would simply be the reciprocal of the area-wide hazard 85 of burning i.e. 1/Λ. However, like the area-wide hazard of burning it will 86 depend on the size of the study area, and so is of limited usefulness.
87
2.2 Spatial homogeneity.
88
If in addition to temporal homogeneity, there is spatial homogeneity, then 89 the local hazard of burning will not depend on location x (i.e. λ(x) ≡ λ for 90 all x) nor will the local fire interval
where p is the conditional probability of a fire occurring at any specific point
92
given that a fire occurs somewhere in the study area. an area A equal to the size of the study area satisfies
Note that µ/A is the expected fraction of the study area burned in any 109 2 i.e. independently of one another with the probability of a fire in (t, t + dt) being Λdt for all times t. Note that one can also work in discrete time and have fires occurring in a given year with a fixed probability π, say. Similar results pertain in this case -see Appendix.
fire and can be thought of (under the assumptions of homogeneity) as the 110 probability p that the fire burns any particular location, given that a fire is 111 ignited somewhere in the study area. Thus using (??) the above inequality 112 can be expressed as
In most cases the inequality is strict. Indeed there appears to be only 114 one case in which it holds as an equality -that is when every fire is the same 115 size (area burned = µ with probability one) and the total study area is an 116 integer multiple of µ (i.e. A = kµ for some k = 1, 2, . . .).
117
In the Appendix some other specific examples are considered. One is Also results are obtained for the case when fires are all of the same size.
126
In this case, provided the area of the study area is an integer multiple of 127 the size of a fire, EF C = F I. This is essentially the (deterministic) case 128 contemplated by Johnson and Van Wagner (1985) when they developed the 129 notion of fire cycle and claimed its identity with the fire interval.
130
3 Estimation.
131
Maximum likelihood estimation of the local hazard of burning, and its recip-132 rocal the fire interval, for stand-replacing fires using time-since fire map data the notion of the fire cycle no longer be used; or if it is that it be defined 147 as identical to the local fire interval i.e. that the fire cycle be defined as the 148 expected time between fires at any given location in the study area.
149
The heretofore accepted duality of fire history concepts proposed by John- (using a well-known result for the expectation of a non-negative r.v.) as
where S(z|t) is the conditional probability of no fire at x in the time interval 
where X 1 , X 2 , . . . are iid rvs. of this time is considered, using conditional expectation one can write
since the expected time between fires is 1/Λ. Now X 1 , X 2 , . . . forms a renewal process and N (T ) is a stopping time for such a process. It follows by Wald's 199 theorem (see e.g. Grimmett and Strirzaker, 1992 ) that E(
The numerator of the rhs is greater or equal to A. Thus it follows, using
Now E(T ) is the expected value of the fire cycle (EF C); and µ/A is 204 the expected proportion of the study area burned in any fire. Under the 205 assumption of spatial homogeneity it is the conditional probability p that a 206 fire occurs at any particular location in study area given that a fire is ignited 207 somewhere in the study area. Thus the right-hand side of (??) is equal to
where λ is the local hazard of burning. Thus (??) states that the 209 expected fire cycle is greater or equal to the local fire interval; or EF C ≥ F I.
210
To evaluate the expected fire cycle in specific cases we examine the cu-211 mulative distribution function (cdf) of total area S t , burned by time t. It
where F n is the cdf of the n-fold convolution of X i i.e. it is the cdf of 214 X 1 + X 2 + . . . + X n .
215
Now if T (A) is the time required to burn an area A;
The expected value of a continuous non-negative random variable Y , say can
where Γ() is the usual gamma function and F 0 (A) is the Heaviside step func-219 tion which assumes value zero for A ≤ 0 and value 1 for A > 0.
220
In general closed-form expressions for F n (A) are not available. However 221 in some cases one can evaluate (??) using Laplace transforms.
222
The Laplace transform of a probability density function (pdf), f (x), say,
223
of a random variable X with nonnegative support is
Also the Laplace transform of the cdf F (x) of such a random variable is 
E(T (A)) in (??). It is
We now consider some special cases:
230
(a) Fire size exponentially distributed.
231
Suppose the size of fires is exponentially distributed with mean µ i.e. cos( 3 √ 3A 2µ
) + 1 √ 3 sin( 3 √ 3A 2µ
) .
these cases if fires are infrequent (small Λ) the difference between the EF C 248 and F I can be large. 
